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Introduction

A locally stable holomorphic map is a complex analytic version of a locally
stable or infinitesimally stable C™ map introduced by J.N. Mather in [4]. In C*
category local stability implies stability if the source manifold is compact. That is,
ifa C*® map f: X — Y between C* manifolds with X compact is locally stable,
then there exists an open neighborhood N of f in C*°(X,Y") (the space of all C*®
maps from X toY with the so-called Whitney C* topology) such that for any g € N
there exist diffeomorphisms ¢ : X — X and ¢ : Y — Y with o fop™! = g (cf. [5]).
Although we cannot expect this fact in complex analytic category, a locally stable
holomorphic map also has a significance in complex analytic geometry as shown in
[7], [8], and [9]. In this paper we shall prove two basic facts about a locally stable
holomorphic map: first, that its small deformation is locally stable (Theorem 2.4),
and secondly, C*° triviality of deformations of a locally stable holomorphic map
(Theorem 3.4). Although, substantially, the former fact has already been proved in
[7], we shall reproduce the proof in this paper under a little bit more general setting,
supplementing a proof to an unsatisfactory point in the proof in [7]. The fact that
small deformations of a locally stable holomorphic map are also locally stable is
related to the existence of the Kuranishi family for logarithmic deformations of
complex analytic subspaces with locally stable parametrizations of compact complex
manifolds, as mentioned in (8].

The author expresses his heartly thanks to his colleague Prof. K. Miyajima
of Kagoshima University for useful discussions with him during the preparation of
this paper.

§1. Definition of locally stable holomorphic maps

Let X and Y be complex manifolds, S a finite subset of X, and q a point of Y.
A multi-germ f : (X,S) — (Y, q) of a holomorphic map at S is an equivalence class
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of holomorphic maps g : U — Y with g(S) = ¢, where U are open neighborhoods
of S in X. Throughout this paper we shall interchangeably use a multi-germ of
f and a representative g of f. A germ of a parametrized family of multi-germs
of holomorphic maps is a multi-germ F': (X x C",S x 0) — (Y x C",q x 0) of a
holomorphic map such that F'(X xt) C Y xt for any ¢ in some open neighborhood of
the origin o in C". An unfolding of a multi-germ f : (X, S) — (Y, g) of a holomorphic
map is a germ of a parametrized family of multi-germs of holomorphic maps F :
(X xC",8 x0) — (Y x C",q x o) such that F(z,0) = (f(z),0) for z € X. We
say that an unfolding F' : (X x C",S x 0) — (Y x C",q x 0) of a multi-germ
f:+(X,8) — (Y,q) of a holomorphic map is trivial if there exist germs of ¢-levels
(t € CT) preserving analytic automorphisms G : (X X C", S x 0) — (X x C", S X 0)
and H : (Y x C",g x 0) = (Y x C",q x 0) with G|xx, = idx and Hyy, = idy
such that Ho Fo G~ = f x idc-.

DerFINITION 1.1, A multi-germ f : (X,S) — (Y, q) of a holomorphic map is
said to be simultaneously stable if any unfolding of f is trivial.

DEeFINITION 1.2. A holomorphic map f : X — Y between complex manifolds
is said to be locally stable if, for any point ¢ € f(X) and any finite subset S C
f1(q), a multi-germ f : (X, S) — (Y, q) is simultaneously stable.

There is an infinitesimal criterion for a multi-germ f : (X,S) — (Y,q) of a
holomorphic map to be locally stable, which is due to J.N. Mather. Now we wish to
explain this fact. We denote by ©x (resp. Oy ) the sheaf of germs of holomorphic
vector fields on X (resp. Y), and by f*©y the pull-back of Oy by f. We denote
by ©x,p (resp. f*Oy,) the stalk of ©x (resp. f*Oy) at a point p in X, and by
Oy,q the stalk of Oy at a point ¢ in Y. We denote by tf : ©x,, — f*Oy,p a Ox p-
homomorphism defined by the Jacobian map (df), and by wf : Oy, fo) = [ Oyp
a homomorphism over f* defined by the pull-back by f, where f* denotes the
homomorphism Oy ¢,y — Ox,, between the stalks of structure sheaves, induced by
f (if A is an R-module, B an S-module, and ¢ : R — S a ring homomorphism, then
we say a map ® : A — B is a homomorphism over ¢ if ®(aa + 8b) = p(a)®(a) +
p(B)®(b) for all a, B € R, a, b € A). More generally, for any finite set S =
{p1,...,ps} of distinct points of X with ¢q := f(S), a point of Y, we define

OX,S = OX,p1 X ooeennn X OX,psa
(11) @X,S = eX,}n Xioeerees X C-)X,p.,,
f*@Y,S = f='<@y,p1 X oo X f 6Y’ps

Then the mappings ¢tf and wf defined above induce a Ox g-homomorphism

(1.2) tf :©x,s — f"Oys
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and a homomorphism over f*
(1.3) wf:Oy,, — f*Oyg,

where f* denotes the homomorphism Oy, — Ox,s induced by f.

DeFINITION 1.3. A multi-germ f : (X,S) — (Y, q) of a holomorphic map is
said to be simultaneously infinitesimally stable if

(1.4) tf(©x,s) +wf(Oy,q) = f*Oys

holds.

We denote by O Ox.p (resp (’)yq) the formal power series rmg at p € X (resp.
g € Y). We define @Xp = (’)X,p ®0x p @Xp and @yq 1= qu ®oy,, Ov,q. The
mappings tf : @Xs — f*@ys and wf : E-)yq - f*@ys are also defined in the
same way as above. We define

M i=mb x-oxmb  and My:=w@ x--x
1 Ps Ps

for a natural number I, where m,, and M,, (1 < < s) denote the maximal ideals
of Ox p, and Ox p,, respectively.

TrEOREM 1.4. (J.N. Mather, S. Tsuboi) A multi-germ f : (X,S) — (Y,q)
of a holomorphic map is simultaneously stable if and only if it satisfies one of the
following mutually equivalent conditions:

1) tf(Ox,s) +wf(Ovq) = f*Oy,s

(i) tf(Ox,s)+wf(Oy,q)+(f*mg+ME)f*Oy,s = f*Oy,s (m :=dimY)
(iii) tf(Ox,5) +wf(Ov,q) + MG+ f*Oy,s = f*Oy,s

(iv) tf(Ox,5)+wf(Ov,g) + M5+ f*Bys = f*6y.s

(v)  tf(Ox,5) +wf(Ov,g) + (ffg + MEH) f*Ey,s = f*Bys

(vi) tf(Ox,s)+wf(By,) = f*Oys.

For the proof we refer to J.N. Mather [6, Theorem (1.13)] and S. Tsuboi [7,
Chapter I, §2].

§2. Small deformations of locally stable holomorphic maps

DEeFINITION 2.1. By a family of holomorphic maps parametrized by a complex
space, we mean a sextuple (X, F,Y,m, 73, M) of complex spaces X, Y, M and
holomorphic maps F : X — Y, m : X — M, w3 : Y — M satisfying the following
conditions:
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(i) 1, Mg are surjective smooth holomorphic maps,
(i) m =myoF.

For a family (X, F, Y, 71,72, M) of holomorphic maps parametrized by a com-
plex space, we call M its parameter space.

DEerINITION 2.2. For a given holomorphic map f: X — Y between complex
manifolds, by a family of deformations of f : X — Y parametrized by a com-
plex space, we mean a ninetuple (X, F, Y, 71,2, M, 0, , 1) satisfying the following
conditions:
(i) (X,F,Y,m,m2, M) is a family of holomorphic maps parametrized by a
complex space M,

(ii) o is an assigned point of M,

(ii) ¢: X7 (o) and % : Y 4 7; (o) are biholomorphic maps for which
P lo F -1 © ¢ = [ holds, where Flami(o): 77 (0) — 75 1 (0) denotes
the restrictions of F to the fibre 7] !(0).

We introduce some notions associated to a family (X, F,Y, 71,7, M) of holo-
morphic maps parametrized by a complex space M. We define

Ty :=Ker{dm : Tx — 71T}
(resp. Ty y := Ker {dmy : Ty — m3Tn}),

where Tx (resp. Ty) and Tjs denote the (holomorphic) tangent spaces of X (resp.
Y) and M, respectively; dmy : Ty — 7wiTys (vesp. dmy : Ty — w3Ths) denote the
Jacobian map of the map m; : X — M (resp. mp : Y — M). We call Ty s (resp.
Ty nm) the (holomorphic) tangent space along fibers of the family 7y : X — M (resp.
o : Y — M) of complex manifolds. By definition it is a holomorphic vector bundle
over X (resp. over Y). In the following, for a complex space, say Z, and a vector
bundle over Z, say F, we denote by O(F') the sheaf of germs of holomorphic cross-
sections of F'. We define O x /s := O(Tx/ar) (resp. Oy/n := O(Ty/nr)). We call it
the sheaf of germs of holomorphic vector fields along fibers of the family 7y : X — M
(resp. g : ¥ — M) of complex manifolds. We denote by tF : Oy — F*©,
the homomorphism of Oy-modules induced by the Jacobian map. dF : Ty —
F*Ty, where Oy := O(Ty) and Oy := O(Ty). The map tF induces naturally a
homomorphism of Ox-modules from © x /s to F*©y/,, which we denote by

(2.1) tF: Oy — F*Oy .

We denote by wF : ©y — F,(F*0y) the homomorphism of Oy-modules defined
by the pull-back by F' (cf. (1.3)). The map wF induces naturally a homomorphism
of Oy-modules from ©y /s to Fi(F*©y/), which we denote by

(2.2) OF : Oy )y — Fu(F*Oy /1)
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For a point q of F(X), and S a finite subset of F~1(q), we define O©x/m,s and
F*©y /0,5 as in (1.1). Then, as in (1.2) and (1.3) the mappings {F and wF induce
a Oy, s-homomorphism

(2.3) Ox/ms — F'Oy s
and a homomorphism over the homomorphism F*: Oy, — Oy s
(2.4) Oy/mq — F*Oym,s,

which we denote by the same symbol as tF and WF , Tespectively, in the following.

Lemma 23. Let f : X — Y be a locally stable holomorphic map between
complex manifolds and (X,F,Y,m, 72, M,0,0,%) a family of deformations of f :
X — Y, parametrized by a complex space M. Let q be a point of F(X,), where
X, :=n; (o), and S a finite subset of F~1(q). Then we have

(2.5) tF(Ox/m,5) + WF (Oy/arq) = F*Oy s s.

Proor. In order to prove the lemma, it suffices to restrict our considerations
to a multi-germ of a holomorphic map F': (X,S) — (), q), which is the germ of a
parametrized family of multi-germs of holomorphic maps, whose parameter space
is the germ of a complex space (M, 0). Hence we may assume that X = X x M,
Y=Y xM;q=q xo0,8=28"xo, where ¢ is a point of f(X), S’ a finite subset of
f~1(q"), M a closed complex subspace of a domain D in a complex number space
C", and o the origin of C". Let G : (X x C",S) — (Y x C",q) be an unfolding of
a multi-germ f : (X,8’) — (Y,q’) which generates F : (X,S) — (),q), ie., the
restriction of G to X coincides with F'. We define X' :== X xC" and )’ :=Y x C.
Then we have the following commutative diagrams:

iG
Ox/cris —— G*Oyijcr s

| |

tF
Ox/ms —— F*Oy/s

wG
Oy cry —— G*Oyicr s

| |

wF "
Oy/mq —— F'Oyys
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Since all vertical arrows in (2.6) and (2.7) are surjective, the equality
(28) tG(e.X'/C",S) + wG(@y,/Cr,q) = G*@y//cr’s

implies that of the lemma. Hence we shall prove this equality. In the following we
identify X x 0, Y x 0, S=5"x0,9g=¢ xo0,and G, :=G|xxo: X X0 =Y xo0
with X, Y, 5, ¢, and f : X — Y, respectively. There is an exact sequence of
Ox-modules

(29) 0— Wi*IoG*ey’/C" i G*@y//cr i[f"‘@y h— 0,

where 7] denotes the projection X’ := X x C" — C" and Z,, the ideal sheaf of the
origin o of C” in O¢-. Hence we have an isomorphism of Oy/-modules

(210) f*@y >~ G*@yl/cr /7'&'1 *IOG*GJJ'/CT .
Similarly, we have isomorphisms

(2.11) @X >~ GX//CT/'R'{*IO@XI/CT and
(212) @y >~ ey//cr /Wé*zo@yr/cr,

where 7 denotes the projection )’ := Y x C" — C". It is easy to see that the
homomorphism a : G*©y/cr — f*Oy in (2.9) maps t/C:'(@X//Cr,S) onto tf(Ox,s)
and (G*mg)(G*Oyr cr,5) onto (f*my)(f*Oy,s). Here m, denotes the maximal ideal
of Oy 4 and m{l that of Oy,4; G*m, the image of m,; by the homomorphism G* :
Oy g = Ox 55 (G*mg)(G* Oy cr 5) the image of G*my x G*Oyy cr g by the map
Ox1,s X G*Oyrjcr s — G*Oyrycr 55 (f*my)(f*Oy,s) the image of f*m) x f*Oy s
by the map Ox s x f*@y,s — f*Oy,s. Therefore, since (71*Z,G*Oyr/cr)s C
(G*mg)(G*Oyy jcr 5), by (2.10) we obtain an isomorphism of O s-modules

G*Oyi jcr 5/ {TG(O 1 jcr ) + (G*My)(G*Oyr jcr 5)}

(2.13)
~ f*Oy,s/{tf(Ox,s) + (f*my)(f*Oy,s)}.

Since f is locally stable, the multi-germ f : (X,S) — (Y,q) is simultaneously
stable; hence tf(©x,s) + wf(Oy,) = f*Oy,s (cf. Theorem 1.4). Therefore, the
natural C (= Oy,q/m;)-homomorphism from Oy,,/m;Oy,, to the latter module
in (2.13), which is induced by wf : Oy,q — f*Oy,g, is surjective. Hence a finite
C-basis for the latter module in (2.13) is given by the projection of wf(B) for
some finite subset B of ©y,,. By the isomorphism in (2.12), B is the projection
of a finite subset B’ of ©y/cr 4. Then, by the isomorphism in (2.13), @(B' )
must be projected to a C-basis for the former module in (2.13). Therefore, by the
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generalized preparation theorem (cf. [2, Theorem 3.6 in Chapter IV, Lemma 1.4
in Chapter V]), we conclude that the projection of E(B’ ) generates the Oy g-
module G*©y /cr g /t/(\}'(@ x'/cr,s) as a Oy g-module. This means that the equality
in (2.8) certainly holds. Q.E.D.

THEOREM 2.4. Let f: X — Y be a locally stable holomorphic map between
complex manifolds with Y compact (X is not necessary to be compact) and F =
(X,F, Y, 71,79, M,0,0,%) a family of deformations of f : X — Y parametrized by
a complex space M. We denote by Tx and Ty the holomorphic tangent bundles of
X and Y, respectively. We define

Y. = {z € X' | the Jacobian map (dF)s : Tx « — Ty r(x)

is not surjective},

which is an analytic subset of X. We equip it with the structure of a reduced complex
space. We assume that: Fis, : ¥ — ) is a proper map. Then there erists an open
neighborhood M' of o in M such that for anyt € M’ the map F; := Fix, : X; = Y;
(X :==m7(t), Vs := 75 1(t)) is a locally stable holomorphic map.

Proor. In place of the family F we consider its reduction Freq := (Xred, Fred,
YVreds Tireds Tored, Mred, 0, ¥, ¥) and prove the theorem for F,.q. This is justified be-
cause of the following reasoning: since the map F, := Fix, : X, — Y, (X, := 7]’ (o),
Y, := 75 *(0)) is equivalent to f : X — Y, by assumption, it is locally stable. Hence,
for any point z € ¥NX,, there exist open neighborhoods U, of z in X, V(5 of F(x)
in ), and biholomorphic maps ¢, : Uy — Uz X N and ¥z : Vr(z) = Vi) X N
over N, such that the diagram

Pz
uaz Ua: X _ZV,‘r
(2.14) Fiu. Fiu, x idn,
V() VE(z) X Ng
77'2\‘ AN:
N,

commutes, where U, := U, N X, Vp(z) = Vp(e)NYo and N, := 1 (Uy) = m2(VE(a))-
It is obvious that

(2.15) Pz (Do NUz) ={D,N Uz} X (Nz)rea,
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where
>, = {z € X, | the Jacobian map (dF,) : Tx, .. — T, F,(x)

is not surjective.}
These arguments are also applicable for the family Fieq. Hence, if we define

Z' := {& € Xyea | the Jacobian map (dFied)e : Txreg,c — Ty,eq,F(a)

is not surjective},

we have
(o )eea (2 NUadrea) = { £,V | x (Nerea:

Therefore ¥ coincides with X’ as a reduced complex space. Furthermore, the maps
F, : X; — Y; and (Freq): : Xt — Y; are the same ones for any point ¢t € M.
Consequently, it suffices to prove the theorem under the assumption that M is
reduced. Hereafter, we assume this.
First, we shall show that there exists an open neighborhood M"”’ of 0 in M
such that
F|Z]ﬁ7r1_1(M”') . E ﬂﬂ'l_l(M”/) SN 71'2—1(M”/)

is a finite map. In the following we use a symbol

R(g)p = OZ,I)/g*quZ,p

for any holomorphic map g : Z — W between complex spaces and a point p € Z,
where we put ¢ := g(p) € W, and m, denotes the maximal ideal of O, . Let z
be a point of ¥ N X,, for which we consider the diagram in (2.14). Then, by the
commutativity of the diagram in (2.14) and by (2.15) we have

Fisru, = %?(136) o (Fyois,nu, X 1d(N,)) © P
on ¥ N Uy; so for any point ' € XN U,
(2.16) R(Fis)s ~ R(Fyjs,)o"

where 2/ denotes the Uz-component of ¢, (). Since the map F, = Fix, : Xo — Yo
is locally stable, Fix, : £, — Y is a finite map ([7, Corollary (4.1)]). Hence we have
dimc R(Fy|5, )z < 00 ([1, Theorem (1.11)]); hence by the isomorphism in (2.16),
dim¢ R(Fjs)e < oo for any point ' in ¥ N U,. Since the collection {Us}zesnx,
covers ¥ N X,, and since ¥ N X, is compact, we may extract a finite subcover
indexed by z1,... ,zx. Since Fiz : ¥ — Y and 72 : Y — M are proper maps by
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assumption, so is 75 : ¥ — M. Hence there exists an open neighborhood M"” of
o0 in M such that T Nw; ' (M™) C Ule U,,. Then the way to choose Uy, ... ,Uy,
ensures dim¢ R(Fjz), < oo for any point z in XNy ' (M""). Therefore we conclude
that Fig -1 (pmy © Tnry (M™) — w3 (M) is a finite map ([1, Theorem (1.11)]).

We define G := F*@y/M/t/]?’(@X/M) (cf. (2.1)). Next, we shall show that
the direct image F,(G) of G by F is a coherent Oy-module over m; *(M") for
any relatively compact open neighborhood M” of o in M with M"” c M"'. We
define 7 := Iy, the ideal sheaf of ¥ in Ox. We should note that SuppG C X,
where Supp G denotes the support of the coherent sheaf G. Since 7y, = m3 0 Fiy; :
¥ — M is a proper map, m; (M") N X is relatively compact. Hence, by Riickert’s
Nullstellensatz ([3, Chapter 2, §2]), there exists a natural number N such that
ING = 0 on 7, }(M"). We consider the following exact sequences of @x-modules
over 7y H(M"):

0 — I — g — glg — 0
0 — I°6 — Ig — IGy — 0

(217

0 — INGg — IN-1g = IN-1lgy — 0
I
0

We claim the homomorphism of Oy-modules F.(I'G) — (Fs)+(Z'Gjx) is surjective
over my }(M") for any | with 0 < I < N — 1. Indeed, let ¢ be any point in FX)n
73 1 (M"), and {p1, ... ,ps} the set of all distinct points F~!(q) N =. Then we have
an isomorphism of stalks

{(Fis)«(T'Gx)}q ~ H(Ilgm)m-

We choose Stein open neighborhoods Us,... ,Us of py,...,ps in X, respectively,
which are mutually disjoint. Let

ag = (b1,pys--- rbsp,) € {(ﬂz)*(Ilg[E)}q = H(Ilgpl)pi

=1

be given. Take a cross-section a € I'(VNF(Z), (Fiz)«(Z'G)s)) which represents a, at
g, where V is a Stein open neighborhood of g in Y. If we take V sufficiently small, we
may assume that F~1(V)NE C J;_, Us. Let b; € D(F~1(V)NU;NZ, I!Gz) (1 <0 <
s) be a cross-section which represents b; ,, at p;. Since F~1(V)NU; is a Stein open
subset ([3, p.33 ~ p.34]), there exists a cross-section b; € T(F~1(V) N U;,T'G) such
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that bz| F- 1(V)nU As = b;. Then, since SupleQ C X, there exists a cross-section
beD(FY(V), :rlg) such that b coincides with b; over F~1(V) N U; for every i. We
may consider b to be an element of I'(V, F,.(Z'G)). It is clear b = ag, and so the
sheaf homomorphism F,(Z'G) — (Fix)«(Z'Gs) is certainly surjective as claimed.
Therefore, taking direct images of the exact sequences of sheaves over 7 H(M™) in
(2.17), we get the following exact sequences of Oy-modules over 7y LMy

0 — F.(ZG6) — F.J(9) —  (Fx)«(G2) — 0

(218) ..................................
0 — F*(IN_lg) - F*(IN_zg) — (ﬂz)*(IN—2g|E) — 0

0 — F(IN7G) = (F).(T"'Gz) — 0.

(Fi2)«(T'G) is a coherent Oy-module for every I (0 <1 < N - 1), because Fis, : ¥ —
Y is a proper map by assumption. Hence, by the last exact sequence in (2.18) we
conclude F,(ZV~1G) is coherent over 73 1(M"). Then, by the one preceding the last
exact sequence in (2.18), so is F,(ZV~ 29) Continuing this argument successively,
we conclude F,(G) is coherent over 5 ' (M") as asserted.

Finally, we shall show that there exists an open neighborhood M’ of o in
M" such that F; : X; — Y, is locally stable for any t € M’'. We define a ho-

momorphism of Oy-modules WF : ©y/m — Fi(G) to be the composite of WF
Oy/m — Fu(F*©yu) (cf. (2.2)) and the map Fu(F*©y/y) — Fi (G). We de-
fine H := F.(G) /ﬁ(@y/M) H is a coherent Oy-module over 75 *(M"). Hence
Supp(’Hhr-x(M,,)) (C F(Z)Nmy}(M")) is an analytic subset of 75 ' (M"). We claim
that H, (the stalk of H at g) = 0 for any point ¢ € Y, := ;' (0). Indeed, if we
define &, := F~1(g) N = F;!(g) N L, for a point ¢ € Y,, then

(2.19) Hy =~ F*Oy nrs, [{EF (O mz,) + WF (Oy/i,q)}-

Since F, := Fix, : X, — Y, is locally stable, by Lemma 2.3 the right hand side
in (2.19) vanishes. Therefore we conclude that H, = 0 for any point g € ¥,. This
means Y,N SuppH = 0. Since 73 : Y — M is a proper map, wz(Supp(lez—l(M,,))) is
an analytic subset of M"’; hence, since Y, NSuppH = 0, o ¢ m(Supp H). Therefore
there exists an open neighborhood M’ of o in M" such that M'Nmy(Supp H) = 0, so
73 1 (M")NSupp H = 0. This means H, = 0 for any point ¢ € 75 1(M"); equivalently

(2.20) tF(Ox/m5,) + WF(Oy/nq) = F*Oy/u 5,

holds for any point q € w5 *(M’), where £, := F~1(q) N X (cf. (2.19)). By (2.20)
we have
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(2.21) tF(Ox,,5,) + wFy(Oy, ) = F{ Oy, 5,

for any t € M’ and any ¢ € Y;. Furthermore, the equality which is obtained by
replacing %, in (2.21) by any finite subset S of F~1(q) also holds, because the map
tF; : ©x, p — F{Oy, , is surjective for any point p in X;\X. Therefore we conclude
that F; is locally stable for any t € M’ (cf. Theorem 1.4). Q.E.D.

§3. C<° triviality of deformations of locally stable holomorphic
maps

We define a C*° family of C*° maps parametrized by a C*® manifold by re-
placing complex analytic objects by corresponding C* ones in Definition 2.1. For
a C* family (X,F,),n, 72, M) of C* maps parametrized by a C* manifold,
we define the C™ tangent bundle along fibers T /m (vesp. Ty nr) of the family
7y : X — M (resp. w3 : ¥ — M) of C* manifolds in the same way as in complex
analytic case. In the following, for a C* manifold, say Z, we denote by T, the C®
tangent bundle of Z, and for C*° vector bundle on Z, say F, we denote by A(F)
the sheaf of germs of C* cross-sections of F. Then, as in complex analytic case,
for a C* family (X, F, Y, 71,7, M) of C° maps parametrized by a C* manifold,
the sheaf homomorphisms tF : A(Tx) — F*A(Ty), wF : A(Ty) — F.(F*A(Ty)),
tF : A(Tx/m) — F* ATy nr), and OF : A(Ty ) — Fu(F* A(Typr)) are defined.

DeriniTION 3.1. We say a C* family (X,F,Y,m,m, M) of C® maps
parametrized by a C°°° manifold is C* trivial at t € M if there exist an open
neighborhood N of ¢ in M and diffeomorphisms ¢ : 77'(t) x N — a7 }(N),
¢ : w5 (t) x N — my }(N) such that the diagram

T (#) x N Ld ~ 7 (N)
F, x idy ™ \ \F
Pry m31(t) x N 4 L w3 Y(N)
/ W
N N

commutes, where Fy := F -1 : 1y (t) — 75 (t) denotes the restriction of F to
-1
w1 (%)

We quote a proposition from [2], which gives a sufficient condition for a C®
family of C°° maps parametrized by a C* manifold to be C trivial.
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ProposiTiON 3.2. Let F = (X, F,Y,m,m3, D) be a C* family of C*° maps
between compact C™ manifolds parametrized by a domain D of a real number space
R™. We denote by (t1,... ,tm) a coordinate system on R™. Suppose that for every
i (1 < i < m) there exist C* wvector fields along fibers

(' €T(X,A(Tx/p)) and n° €TV, A(Ty/p))

such that 5 5

where {1?', WF , tF, wF' denote the homomorphisms between global cross-sections in-
duced by the corresponding sheaf homomorphisms. Then the family F is C* trivial
at any point t € D.

For the proof we refer to Theorem 3.3 (Thom-Levine) in [2, Chapter V].

There is an analogous proposition which gives a sufficient condition for a (com-
_plex analytic) family of holomorphic maps to be C° trivial. In order to explain this
fact we introduce some symbols. Let (X, F,Y, 71, m2, M) be a (complex analytic)
family of holomorphic maps parametrized by a complex manifold. We denote by
AR (resp. Vg, resp. Mg) the underlying C* manifold of X' (resp. ), resp. M), and
by Fg : Xr — g (resp. mig : XAr — MR, resp. mor : Yr — Mg) the underlying C*°
map of F : X — Y (resp. m : X — M, resp. w3 : Y — M). We denote by Tx/m
and m the holomorphic tangent bundle along fibers of the complex analytic
family m; : X — M of complex manifolds and its conjugate holomorphic bundle,
respectively. We denote by Tx, /a, the C* tangent bundle along fibers of the C*°
family mig : Arx — Mg of C*° manifolds. The relation among these bundles is given
by Tag/az ®r C = Ty @ TY/—M We also denote by Ty, m and Ty, /as,
the corresponding vector bundles of the complex analytic family mp : ) — M of
complex manifolds.

ProPOSITION 3.3. Let F = (X, F,Y, w1, 72, D) be a (complex analytic) family
of holomorphic maps between compact complex manifolds, parametrized by a domain
D of a complex number space C™. We denote by (t1,... ,tm) a coordinate system
on C™. Suppose that for every i (1 < i < m) there exist C* global cross-sections

(" €T(X,A(Tx/p)) and n' €TV, A(Ty,p))
such that
tF(CY) + wF(n') = tF 9 _ur(2
=2 Bt ot; )’

where tF , wF , tF, wF denote the homomorphisms between global cross-sections in-
duced by the corresponding sheaf homomorphisms. Then F’s underlying C* family
Fr = (AR, Fr, VR, 1R, T2r, Dr) 0f C*° maps is C* trivial at any point t € Dg.
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Proor. We shall show that if the condition of the proposition is satisfied by
the family F, then the condition of Proposition 3.2 is satlsﬁed by the underlymg
C® family Fgr of F. We denote the extensmns of tFR, wFR, tFR, and WF R over the
ground field C by tFg, wkg, tF c, and WwF ¢, respectively. That is, we define

tFe : A(Tx ® C) — FRA(Ty, %C),
wFe : A(Ty, %) C) — Fri(FRA(Tyx % C)),
tFc : A(Tx Dy %C) = A(Tx/p ® Tx/p)
— FRA(Tye/px @C) = A(F"Ty/p & F*Ty/p),
and
WFc : A(Tyg/Ds % C) = A(Ty;p ® Ty/p)

— Fr«(FRA(Tyy/Dg %C)) = Fr«(A(F*Ty,p © F*Typ))-

Let ¢; = u;++/—1v; (1 < i < m) be the expression of ¢; in real coordinate functions
u;, v;. Then, by the condition we have

tFR(¢ + C) + wFr(n' + 1)

= tFc(CY) + tFc((F) + wFe(n’) + wFc(r)

=t (¢") + WF (') + tF(CP) + wF ('

(3.1)
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Similarly, we have

Fe (V=L - ) +wFx (V=T — )
(3.2) = tFy (\/?I (5% - %)) + wFg (\/—_1 (a% - a%))

0 0
=tFp (8_’1.)7,) — wkR (8_m) .

Since (¢ + ¢, v=1(¢* = (F) € D(AR, A(Txe/s)); and ' + 7, V=1(n* = 17) €
['(Vr, A(Tye/pg))s (3.1) and (3.2) show that the condition of Proposition 3.2 is
certainly satisfied by the family Fg. This completes the proof of the proposition.

We are in a position to prove a theorem concerning C* triviality of deforma-
tions of a locally stable holomorphic map.

THEOREM 3.4. Let F = (X,F,Y,m,m2,D,0,0,7%) be a (complex analytic)
family of deformations of a locally stable holomorphic map f : X — Y between
compact complex manifolds, parametrized by a domain D of a compler number
space C™. Then F’s underlying C* family Fgr of C*® maps is C* trivial at o € D.

Proor. By Theorem 2.4 there exists a relatively compact open neighborhood
N of o in D such that F; := Fix, : Xy = Y; (X; := 71 (t), Yz := 75 (t)) is locally
stable for any t € N. We shall show that if we take such an open neighborhood N
of 0 in D, then for every i (1 < i < m) there exist C* global cross-sections

¢' € D(n ' (N), A(Tx/um)) and 7' € T(my " (N), A(Ty,nr))

such that
i T 7] 0 1
(3.3) tF((")+wF(n') =tF | — | —wF | — | on a7 (N),
ot; ot;
where (t1,...,t,) denotes a coordinate system on C™. Then the theorem follows

from Proposition 3.3. The proof of the above assertion will proceed in three steps.
STEP I. Asin Theorem 2.4 we define
> = {z € X' | the Jacobian map (dF); : Tx,c — T p(s)

is not surjective},

which is an analytic subset of X. We equip it with the structure of a reduced
complex space. We shall show that for an open neighborhood N of o in D, taken
as above, there exist a finite number of open subsets Uy,... ,Uy of X, Wy,... , Wy,



Deformations of locally stable holomorphic maps ‘ 339

Wi,..., W}, Vi,..., Vi of Y, and local holomorphic vector fields along fibers (% €
T'(Ux,O(Tx/p)), ni € T(Va,O(Ty/p)) (1 < i < m, 1 < X< k) satisfying the
following conditions:

) FENm) c Ui, W
(it) W)‘CW)\, W’ACV)\ for A\=1,...,

(3.4) —
(iii) F~Y(Wy)NX cUx for A\=1,...,

ot;

y i

k
k
. 0 9
(iv) F(Ux) C Vi and ER(C) +oF () =tF ( — | —wF 5 ) o U,
for A\=1,...,k, i = m.

Since ¥ N 7r1_ 1(N) is compact and the map F : X — ) is a proper map, the
set F(XNay(N)) is compact. Hence it suffices to show that for any point y, €
FEnm 1(N )) there exist open subsets U of X, W, W', V of ¥ with y, € W, and
local holomorphic vector fields along fibers ¢ € I'(U,O(Tx/p)), n € T(V,0(Ty,p))
satisfying the conditions (ii), (iii), (iv) in (3.4). Since F; := Fix, : X¢ — Y; is locally
stable for any t € N, Fys, : &y — Y3 (Z :=EN 77 1(t)) is a finite map (cf. [7,
Corollary 4.1]); so £(¥o) := E N F1(y,) (C Lry(y,)) is a finite set. Therefore by
Lemma 2.3 there exist open neighborhoods U of ¥(y,) in X, V of y, in J with
F (U ) € V,-and local holomorphic vector fields along fibers ¢* € T(U,0(Tx/p)),
n* € T(V,0(Ty,p)) (1 < i < m) such that the condition (iv) in (3.4) holds on U.

Next, we shall show that there exists an open neighborhood W' of y, in Y such
that F~1(W')NX C U. Indeed, if it does not exist, we can take a sequence {zn} of
points in L\U with lim, o F(zn) = Yo. Let K be a compact neighborhood of y,
in ). Then there exists a natural number N such that if n > N, then F' (zn) € K;
hence z, € F71(K)NX for n > N. Since K is compact and F' is a proper map,
F~1(K) is compact; so is F~!(K)NX. Hence we can choose a subsequence {z},} of
{z,} which converges to a point, say z,, of X. Since {z;,} is a sequence of points
in ¥\U, and since E\U is closed, we have z, € X\U. On the other hand, since
F(z,) = limpy— o0 F(2},) = limp—o0 F(Zn) = Yo, We have z, € I(yo). But this is a
contradiction, because (X\U) N X(y,) = 0. Therefore we conclude that there exists
an open neighborhood W' of y, in Y such that F'~ 1(W YNX C U. We take W' so
small that it satisfies the condition (ii) in (3.4) with respect to V; and take an open
neighborhood Wof y, in Y with W C W/, then we are done.

Step II. We claim that there exists an open neighborhood Up of EN7y *(N)
in X such that F~1(W%)NUp C U, for every A (1 < X < k). In order to prove this
it suffices to show the existence of such an open neighborhood Uy for a fixed A. If
there does not exist such an open neighborhood Uy, then for any open neighborhood
U of S N7 (N) in X we can take a point z € F~1(W}3) NUN (X\Uy). Let L be
a compact neighborhood of ¥ N7y 1(W) in X, and {X4}qa=1,2,.. an infinite system
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of open neighborhoods of £ N 77 }(N) in L with 32, X, = TN a7 (V). We
take a point z, from each F~Y(W%) N X, N (X\U,) (@ = 1,2,...) and form a
sequence {Zq}q=12,.. of points in L. Then, since L is compact, we can take a
subsequence {w’ﬁ,}ﬁzl,g,m of {a}a=1,2,.. which converges to a point, say z,, of
L. We denote by Xé an open neighborhood X, for which xk = Z4. Then, since
Np=1 X3 = N n; H(N), we have z, € ¥ N7 }(N). On the other hand, since
the sequence {xb} B=1,2,... is contained in both of the two closed subsets F~1(W})
and X\U,, we have z, € F~1(W)) N (X\U,). But this is a contradiction, because
F~1(W')NX C Uy by the condition (iii) in (3.4). Therefore we conclude that the
claim certainly holds.

Step III. Let Ui,...,U be open subsets of X, Wi,... , Wy, W{,... , W[,
Vi,..., Vi those of Y, and (§ € T'(Ux, O(Tx/p)), 14 € T(Va,0(Ty/p)) (1< i< m,
1 < X < k) local holomorphic vector fields along fibers, which satisfy the conditions
(i) ~ (iv) in (3.4). Let Up be an open neighborhood of ¥ N7 (W) in X such that
F~Y (W) NUy C Uy for every A (1 < X < k). We put W) := Y\W and V; := ),
where we define W := Ui:l Wy. We take a C* partition of unity {px}r=o,1,... k
on Y, subordinate to the covering {W;}a=o.1,... &, i.., px’s are C* functions on )
satisfying the following conditions:

(i) 0<pr<1 for A=0,1,...,k
(ii) Supppr C W) for A=0,1,...,k
(iii) Z’;:O pA=1 on Y.

Note that Z’;:I pr=1lonW:= Ui:l W, since Supppo N W = 0. We take a
relatively compact open neighborhood U, of SN 7' (N) in Uy with U} C Up and a
C® function p on X satisfying: (i) Supp p C Uop,and (ii) p = 1 on Uj. We define

k
(35) ¢ =Y 0P (o) (=1....,m)
A=1
. k .
(3.6) n =Y pami (i=1,...,m)
A=0

where we understand 7§ to be the zero form on Wj. We should note that, since
Supp pF*(px) C F~Y(W4) Ny C Uy and Supp px C W} C V3, the expressions on
the right hand sides in (3.5) and (3.6) make sense. ¢ and 7* are global C* vector
fields on X and ), respectively. Furthermore, we have
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tF(¢) +wF(n')
k

(F*(p)EF(C1) + 3 (F* (oa)wF (1}))

1 A=1

M?r

(3.7)

>
I

M»

{F*(02) (pF(¢) + GF (1))} on Uy (i=1,...,m).

>
I

1

Here we should note that, since Supp F*(py) C F~1(W}) and Uy N F~1(W},) C U,
for every A (1 < A < k), the last expression in (3.7) makes sense on Uy. Since p =1
on U}y and EI;=1 F*(px) =1 on F~1(W), by (3.7) and the condition (iv) in (3.4)
we have
tF(¢CH + wF(n') = tF (i) —wF <i) on UyNEF(W)
(3.8) ot; ot;
(t=1,...,m).

Since ¥ N7~ Y(N) C U}, and since, F(E N7 (N)) C W by the condition (i) in
(3.4), we have

(3.9) S e (V) c Uy n F-Y(W).
IN casE dim X < dimY: We have © = X. Hence, by (3.9) 7, }(N) Cc Uy n

~1(W). Therefore, by (3.8) we conclude that the assertion of the theorem certainly
holds.

INcase dim X > dimY: We define
— (. o — ) 0
F i i .
Fie P (¢ = 2 ) —GF (0 + = =1,...

Uy :=UyNnFL(W).

and

Then U; is an open neighborhood of ¥ N7 }(N) in X, and by (3.8) 8 =0 on U;.

Since Fia\x : X\X — Y is a submersion, for any point z € (X\U;) N7y (N) there
exist an open neighborhood U, of z in X\X and local holomorphic vector fields
along fibers ¢ € T'(U,, O(Tx/p)) with t/l?’(&) =6F on U, for every i (1 < i< m).
Since (X\U;)N7y (V) is compact, we may extract a finite subcover {Uz, }u=1,.. 1 0f
a covering {Us},¢( 2\ (W) Of (X\Uy) N7 (N) in X. In the following we write
U, and §, for U, and £, respectively. We put Up := U, and define A" : U =0 Un-
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We take a C* partition of unity {7,},=0,,..,; on &”’, subordinate to the covering
{Uu}u=o0,1,... 1, and define

1
§i::ZT#§Z (=1,...,m),

u=0

where we understand & to be the zero form on Up. Then ¢* € I'(X’, A(Tx/p)); and
since t/l?‘(flﬂ) =0F on U, for every i and p (1 <i < m, 0 <y <lI), we have

l l
(3.10)  tF(E) =Y mtF(E) =Y 7.6F =6 on X' (i=1,..,m)
p=0 ' '

u=0
Hence, by the definition of 67 we have

tR(E + )+ wF(n') = tF 9 —wF 9 on X’ (i=1,...,m).
6ti 8t,~
Since ¢ + ¢* € T(X', A(Tx/p)), n° € T(Y, A(Ty,p)) and =7 '(N) C X’, this
completes the proof of the theorem.
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